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Abstract— We first give the solution for the lo-
cal approximation of a four parameter family of gen-
eralized one-dimensional point interactions within the
framework of non-relativistic model with three neigh-
boring δ functions. We also discuss the problem within
relativistic (Dirac) framework and give the solution
for a three parameter family. It gives a physical in-
terpretation for so-called ε potential. It will be also
shown that the scattering properties at high energy
substantially differ between non-relativistic and rela-
tivistic cases.
I. Introduction
Since the appearance of Kronig-Penney model in solid
state physics, the point interaction has attracted much
attention in various fields of quantum mechanics which
cover field theory, quantum chaos and mathemati-
cal physics. In one dimension, the current conserva-
tion admits the boundary condition at the interaction
characterized by four parameters [1]. However, it is
not straightforward to approximate generic cases ex-
cept the well-known δ potential by using short-range
local potential model. To rectify the situation has
been a longstanding problem in mathematical physics
[2, 3]. In [4, 5], we have introduced three neighboring
δ’s model and settled the problem with the assump-
tion that the system conserves time reversal symme-
try. In this paper, we remove this assumption and
extend the previous results to the four parameter fam-
ily. The second purpose is to discuss the same prob-
lem within a relativistic framework. We show that the
Dirac equation with short-range scalar and vector po-
tentials naturally reproduces a three parameter family
of point interactions without introducing renormaliza-
tion of coupling strengths, which is required in the
non-relativistic approach. The relativistic approach
also serves to give a unified view to δ and ε poten-
tials. Here the ε potential, which has been historically
ill-called δ′, gives rise to the boundary condition such
that the wave function has continuous first derivative
on the right and left, but it has a jump proportional
to the first derivative [6]. We also examine the scat-
tering properties of the generalized point interactions
both within the non-relativistic and relativistic frame-
works.
The paper is organized as follows. We discuss non-
relativistic and relativistic cases in Sect.II and III sep-
arately. In each, the boundary condition required at
the interaction is first clarified based on the current
conservation. We then calculate the propagator in the
transfer matrix formalism, based on which we deduce
a suitable approximation of a family of point interac-
tions by short-range local potentials. The scattering
properties are discussed at the end of each section. We
summarize the present work in Sect.IV.
II. Non-Relativistic Approach
We first derive a general boundary condition around
the one-dimensional point interaction from the view-
point of the current conservation. Schro¨dinger
equtaion with potential S reads
− 1
2m
ϕ′′S(x) + S(x)ϕS(x) = EϕS(x),
where m and E are the mass and energy, respectively.
The current can be written as jS = Ψ
†
Sσ2ΨS , where
ΨS(x) =
(
ϕS(x)
1
2mϕ
′
S(x)
)
,
and σ2 is the second component of Pauli matrices;
σ1=
(
0 1
1 0
)
, σ2=
(
0 −i
i 0
)
, σ3=
(
1 0
0 −1
)
.
Let’s put a point interaction at the origin of x-axis.
The current should be conserved between both sides of
the interaction. This leads to the connection condition
characterized by
ΨS(+0) = VΨS(−0), (1)
where V takes a form [1]
V = eiθU , U =
(
α β
γ δ
)
∈ SL(2,R), θ ∈ R. (2)
If and only if Eq.(2) holds, we have V†σ2V = σ2,
namely the current is conserved on both sides of the
interaction. For example, the connection matrix
Vδ(v) =
(
1 0
v 1
)
(3)
corresponds to the δ potential of strength v, while its
transpose represents the ε potential of strength v.
In order to take into account the magnetic effect, we
calculate the propagator at the presence of a homoge-
neous vector potential (spatial component in a rela-
tivistic sense), which induces the time reversal sym-
metry breaking into the system. By using standard
minimal coupling, Schro¨dinger equation is written as
− ϕ′′S(x) + 2iAϕ′S(x) +A2ϕS(x) = k2ϕS(x), (4)
where k is the wave number (k =
√
2mE) and the
vector potential A is constant. In the transfer ma-
trix formulation, Eq.(4) is rewritten by the first-order
coupled equation
Ψ′S(x) = HSΨS(x), HS =
(
0 2m
−k2+A2
2m 2iA
)
. (5)
The solution of Eq.(5) is given by
ΨS(x) = GS(x− x0)ΨS(x0)
with the exponential function of the matrix HSx;
GS(x) = eiAx
{
cos(kx)
(
1 0
0 1
)
+
sin(kx)
k
( −iA 2m
−k2+A2
2m iA
)}
. (6)
In a particular case of A = 0, Eq.(6) is reduced to the
free propagator
G(0)S (x) =
(
cos(kx) 2m
k
sin(kx)
− k2m sin(kx) cos(kx)
)
.
We can see that G(0)S has eigenvalues e±ikx with the
associated eigenfunction
u
(±)
S =
1√
2
(
1
±i k2m
)
. (7)
Also its complex conjugate G(0)†S has eigenvalues e∓ikx
with the associated eigenfunction
v
(±)
S =
1√
2
(
1
±i 2m
k
)
. (8)
The eigenfunctions satisfy the bi-orthogonal relations;
v
(±)†
S u
(±)
S = 1, v
(∓)†
S u
(±)
S = 0. (9)
In order to realize the connection condition (1) in
the small-size limit of a finite-range local potential, we
consider three nearby δ’s located with equal distance
a [4, 5]. They are put at x = ±a and 0 and their
strengths are denoted by v± and v0, respectively. We
also add a constant vector potential A between the two
side δ’s. The connection of ΨS between x = −a − 0
and x = a+ 0 is given by
ΨS(a+ 0) = VSΨS(−a− 0),
where
VS = Vδ(v+− i A
2m
)GS(a)Vδ(v0)GS(a)Vδ(v−+ i A
2m
).
The imaginary strength of the side δ’s indicates sud-
den change of the vector potential at x = ±a. Using
Eqs.(3) and (6), we reach
VS = e2iAaUS , (10)
where US ∈ SL(2,R) has components
[US ]11 = cos(2ka) +
m sin(2ka)
k
v0 + [US ]12 v−,
[US ]12 =
2m sin(2ka)
k
+
4m2 sin2(ka)
k2
v0,
[US ]21 = cos2(ka) · (v+ + v0 + v−)
− sin2(ka) · (v+ + v−)
+
m sin(2ka)
k
{
− k
2
2m2
+ v0(v+ + v−)
}
+ [US ]12 v+v−,
[US ]22 = cos(2ka) +
m sin(2ka)
k
v0 + [US ]12 v+.
The effect of the magnetic field appears only in the
phase factor in Eq.(10). By examining the behavior
of US for small a, we can show [5] that the matrix VS
converges to the general connection V , if the strengths
of the three δ’s are renormalized according to the dis-
tance a as follows; For β 6= 0,

v+ = − 1
2ma
+
δ + 1
β
,
v0 =
β
4m2a2
,
v− = − 1
2ma
+
α+ 1
β
,
(11)
whereas for β = 0 (including δ potential),


v+ =
δ − 1
4ma
,
v0 =
4γ
α+ δ + 2
,
v− =
α− 1
4ma
.
(12)
In both cases, we vary the strength of the vector poten-
tial as A = θ2a . Eqs.(11) and (12) show that except the
δ potential (α = δ = 1, β = 0), we need to renormalize
the strengths of the three δ’s to realize the connection
condition. Setting α = δ = 1 in Eq.(11), we obtain the
ε potential of strength β, in which case the strengths
diverge in the small a limit as in generic cases.
In the transfer matrix formulation, the bi-
orthogonal eigenvectors (7) and (8) serve to examine
the scattering properties. Since e±ikxu
(±)
S are the so-
lutions of the equation (5) for the free space (A = 0),
the wave function is written as
ΨS(x) =
{
eikxu
(+)
S +RSe
−ikxu
(−)
S , (x < 0),
TSe
ikxu
(+)
S , (x > 0),
(13)
where TS and RS are transmission and reflection coef-
ficients, respectively. We also assume that the incident
wave comes from minus infinity in Eq.(13). From the
connection condition (1), we obtain
TSu
(+)
S = V(u(+)S +RSu(−)S ).
Multiplying v
(+)†
S V−1 from the left and using the bi-
orthogonal relations (9), we can estimate the transition
probability as
|TS |2 =
∣∣∣v(+)†S V−1u(+)S ∣∣∣−2
= 4
[
α2 + δ2 + 2 + β2
k2
4m2
+ γ2
4m2
k2
]−1
. (14)
The reflection probability is given by |RS |2 = 1 −
|TS|2. From Eq.(14), we can recognize in generic cases,
|TS|2 −→ 0 as k −→ 0, i.e. perfect reflection in the low
energy limit. The exception is the ε potential; γ = 0
(α = δ = 1). In this case, we have |TS |2 −→ 1 as
k −→ 0, namely perfect transmission. Eq.(14) also
shows |TS |2 −→ 0 as k −→ +∞ in generic cases,
namely perfect reflection at high energy. The excep-
tion is the δ potential, β = 0 (α = δ = 1), in which
case we have |TS|2 −→ 1 as k −→ +∞. Thus perfect
transmission is realized.
III. Relativistic Approach
We start with one-dimensional Dirac equation. In one
dimension, Dirac equation can be written by using two
component spinors. This reflects the fact that the spin
degrees of freedom are redundant in one dimension.
One possible representation of time-independent Dirac
equation is [7]
− iσ2Ψ′D + σ3(m+ S(x))ΨD = (E − V (x))ΨD ,
where scalar potential S and the time component of
vector potential V are taken into account. The facts
σ22 = σ
2
3 = I2, σ2σ3 + σ3σ2 = O2 ensure the relation
E2 = m2+k2 for the free spinor (in case of S = V = 0).
In this representation, the current is written as jD =
Ψ
†
Dσ2ΨD. Thus, as in the non-relativistic case, the
current conservation requires the boundary condition
at the interaction such that
ΨD(+0) = VΨD(−0) (15)
with V in Eq.(2).
To derive the relativistic propagator in homoge-
neous potentials, we assume S and V as everywhere
constant. As in the non-relativistic case, we also in-
troduce the spatial component of vector potential with
constant strength A, which breaks the time reversal
symmetry of the system. The Dirac equation with the
three constant potentials reads
σ2(−i d
dx
−A)ΨD + σ3(m+ S)ΨD = (E − V )ΨD. (16)
By multiplying iσ2 from the left, Eq.(16) is rewritten
as
Ψ′D(x) = HDΨD(x), HD =
(
iA k˜+
−k˜− iA
)
, (17)
where k˜+ = m+E+S−V and k˜− = E −m−S−V .
In the free space (S = V = A = 0), we have
H(0)D =
(
0 k+
−k− 0
)
, (18)
where k+ = m + E, k− = E − m. A Remarkable
notice is that at low energy E ≃ m, since k+ ≃ 2m
and k− ≃ k22m , we realize H
(0)
D ≃ HS in Eq.(5) (with
A = 0); The relativistic problem (16) is formally equiv-
alent to the non-relativistic one (5) at low energy in
the free space. This indicates that the lower compo-
nent of the low-energy free Dirac spinor is just given
by the derivative of the upper component (within some
factor), although the lower component is a dynamical
variable in Dirac approach. This admits us to identify
a point interaction in Dirac formalism with the corre-
sponding non-relativistic one which satisfies the same
boundary condition, at least at low energy.
The solution of Eq.(17) is written as
ΨD(x) = GD(x− x0)ΨD(x0),
where the propagator GD is defined by the exponential
function of HDx and the result is given by
GD(x) = eiAx
(
cos(k˜x) k˜+
k˜
sin(k˜x)
− k˜−
k˜
sin(k˜x) cos(k˜x)
)
(19)
for k˜+k˜− > 0 and
GD(x) = eiAx
(
cosh(k˜x) k˜+
k˜
sinh(k˜x)
− k˜−
k˜
sinh(k˜x) cosh(k˜x)
)
(20)
for k˜+k˜− < 0 with k˜ =
√
|k˜+k˜−|. Setting S = V =
A = 0 in Eq.(19), we obtain the free propagator
G(0)D (x) =
(
cos(kx) k+
k
sin(kx)
−k−
k
sin(kx) cos(kx)
)
,
where k =
√
k+k− =
√
E2 −m2. The propagator
G(0)D has eigenvalues e±ikx with the associated eigen-
function
u
(±)
D =
1√
2
(
1
±ik−
k
)
,
and G(0)†D has eigenvalues e∓ikx with the associated
eigenfunction
v
(±)
D =
1√
2
(
1
±ik+
k
)
.
These eigenfunctions satisfy the bi-orthogonal rela-
tions as in the non-relativistic case. Note that
e±ikxu
(±)
D corresponds to the free spinor by construc-
tion.
To realize a family of generalized point interactions,
we consider Dirac equation with a single step-like bar-
rier potential. We assume that potential strengths
take constants S, V and A in the interval −a ≤ x ≤ a
and otherwise zero. The connection condition is given
by
ΨD(a+ 0) = VDΨD(−a− 0), VD = GD(2a).
We set p˜± = ±s− v in the following. In the small-size
limit with keeping s = 2aS, v = 2aV and θ = 2aA
constant, we obtain for p˜+p˜− > 0 (s
2 < v2),
lim
a→0
VD = eiθ
(
cos p˜ p˜+
p˜
sin p˜
− p˜−
p˜
sin p˜ cos p˜
)
, (21)
and for p˜+p˜− < 0 (s
2 > v2),
lim
a→0
VD = eiθ
(
cosh p˜ p˜+
p˜
sinh p˜
− p˜−
p˜
sinh p˜ cosh p˜
)
(22)
with p˜ =
√
|p˜+p˜−|. The present model obviously sim-
ulates a relativistic δ potential characterized by three
strengths s, v and θ, which is sufficient to realize a
three-parameter family of the generalized point inter-
actions in Eqs.(21) and (22). This makes a clear con-
tract to the non-relativistic case, where three δ’s to-
gether with renormalization of the strengths are nec-
essary to produce generic point interactions except δ.
In the absence of the spatial component of vector po-
tential (θ = 0), we obtain δ connection with strength
−p− = 2s for p+ = 0 (s = v), while ε connection
with strength p+ = 2s for p− = 0 (s = −v). Keep-
ing in mind the notice mentioned below Eq.(18), we
realize δ and ε potentials from a unified viewpoint
within Dirac model with scalar and vector potentials;
Non-relativistic δ (resp. ε) potential is nothing but
sum (resp. subtraction) of zero-range scalar and vec-
tor potentials with common strength. It clarifies a
relativistic origin of the ε potential, which requires
a complicated procedure for construction within the
non-relativistic framework. Once establishing the δ
and ε potentials, one can realize the general bound-
ary condition (15) by using matrix decomposition of
connection matrix [4, 5].
In a similar manner as in Eq.(14), we obtain the
transition probability for Dirac cases;
|TD|2 = 4
[
α2 + δ2 + 2 + β2
E −m
E +m
+ γ2
E +m
E −m
]−1
.
At low energy, |TD|2 ≃ |TS|2, as expected. However,
|TD|2 substantially differs from |TS |2 in the high en-
ergy limit; Generic cases including δ and ε connec-
tions give rise to the non-zero transmission probabil-
ity. In particular, the perfect transmission is attained
by pure vector potential s = 0 (α = δ = cos v and
γ = −β = sin v).
IV. Conclusion
We have discussed the quantum-mechanical general-
ized one-dimensional point interactions both in the
non-relativistic and relativistic (Dirac) frameworks. In
the non-relativistic approach, three nearby δ’s make
it possible to construct the short-range local approx-
imation for a four parameter family which exhausts
all possible current-conserved point interactions. In
Dirac approach, a single short-range step-like barrier
successfully describes a three parameter family includ-
ing δ and ε potentials. The model gives a simple inter-
pretation of ε in terms of the strengths of scalar and
vector potentials. The scattering properties substan-
tially differ at high energy between non-relativistic and
relativistic cases; In non-relativistic approach, generic
cases lead to perfect reflection in the high energy limit
except the δ potential, in which case perfect transmis-
sion is realized. In Dirac approach, the transmission
remains at high energy in generic cases except pure
vector potential, which induces perfect transmission.
References
[1] F. Gesztesy and W. Kirsch, “One-dimensional
Schro¨dinger operators with interactions singu-
lar on a discrete set”, J. Reine Angew. Math.,
vol.362, pp.28–50, 1985.
[2] P. Sˇeba, “The generalized point interaction in
one dimension”, Czech. J. Phys., vol.B36, pp.667–
673, 1986.
[3] M. Carreau, “Four-parameter point–interaction
in 1d quantum systems”, J. Phys., vol.A26,
pp.427–432, 1993.
[4] T. Cheon and T. Shigehara, “Realizing discon-
tinuous wave functions with renormalized short-
range potentials” , Phys. Lett., vol.A243, pp.111–
116, June, 1998.
[5] T. Cheon and T. Shigehara, “Some aspects of gen-
eralized contact interaction in one-dimensional
quantum mechanics”, Operator Theory: Ad-
vances and Applications, vol.108, pp204–208.
[6] A. Grossmann, R. Høegh-Krohn and M.
Mebkhout, “A class of explicitly soluble, local,
many-center Hamiltonians for one-particle quan-
tum mechanics in two and three dimensions. I”,
J. Math. Phys., vol.21, no.9, pp.2376-2385, Sept.,
1980.
[7] F. Gesztesy and P. Sˇeba, “New analytically solv-
able models of relativistic point interactions”,
Lett. Math. Phys., vol.13, pp.345–358, 1987.
